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An evolving Japanese gravitational-wave (GW) mission in the deci-Hz band: B-
DECIGO (DECihertz laser Interferometer Gravitational wave Observatory) will enable
us to detect GW150914-like binary black holes, GW170817-like binary neutron stars,
and intermediate-mass binary black holes out to cosmological distances. The B-DECIGO
band slots in between the aLIGO-Virgo-KAGRA-IndIGO (hecto-Hz) and LISA (milli-
Hz) bands for broader bandwidth; the sources described emit GWs for weeks to years
across the multiband to accumulate high signal-to-noise ratios. This suggests the pos-
sibility that joint detection would greatly improve the parameter estimation of the
binaries. We examine B-DECIGO’s ability to measure binary parameters and assess to
what extent multiband analysis could improve such measurement. Using non-precessing
post-Newtonian waveforms with the Fisher matrix approach, we find for systems like
GW150914 and GW170817 that B-DECIGO can measure the mass ratio to within
< 0.1%, the individual black-hole spins to within < 10%, and the coalescence time to
within < 5 s about a week before alerting aLIGO and electromagnetic facilities. Prior
information from B-DECIGO for aLIGO can further reduce the uncertainty in the mea-
surement of, e.g., certain neutron star tidally-induced deformations by factor of ∼ 6,
and potentially determine the spin-induced neutron star quadrupole moment. Joint
LISA and B-DECIGO measurement will also be able to recover the masses and spins of
intermediate-mass binary black holes at percent-level precision. However, there will be
a large systematic bias in these results due to post-Newtonian approximation of exact
GW signals.
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1. Introduction
Similar to the electromagnetic spectrum, gravitational waves (GWs) have a gravitational
spectrum that covers frequencies of GWs ranging from 10−8 Hz to 103Hz, broadly divided
into the four bands: nano-Hz, milli-Hz, deci-Hz and hecto-Hz. GWs in the nano-Hz range
are actively sought by the Pulsar Timing Array [1], and the milli-Hz band will be visi-
ble by LISA [2, 3] (see also Refs. [4, 5]). The hecto-Hz band has now been opened up by
Advanced LIGO (aLIGO) [6] and Advanced Virgo [7] with six detections of binary black
holes (BBHs) [8–12] and binary neutron stars (BNSs) [13]. This band will soon be probed
more deeply by the upcoming KAGRA [14–16], IndIGO [17], and, further into the future, 3rd
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generation GW interferometers, e.g., Einstein Telescope (ET) [18] (see also Refs. [19–21]).
The remaining deci-Hz band is the target of the DECihertz laser Interferometer Gravitational
wave Observatory (B-DECIGO): a planned Japanese space-borne detector [22] 1. The origi-
nal DECIGO mission concept was proposed by Seto, Kawamura, and Nakamura in 2001 [23],
and B-DECIGO is the scaled-down version of DEICGO set to be the “1st-generation” of the
deci-Hz GW detectors (B-DECIGO stands for “Basic” or “Base” DECIGO). B-DECIGO
will consist of three satellites in a 100 km equilateral triangle, having sun-synchronous dusk-
dawn circular orbits 2000 km above the Earth [24, 25] 2. With B-DECIGO operating, we
will probe this deci-Hz window for the first time, completing the full gravitational spectrum;
see FIG. 1.
Compact binary coalescence is a key target in GW astronomy, and B-DECIGO has
two clear targets to observe. The first promised targets are the inspiraling GW150914-like
BBHs and GW170817-like BNSs [8–12]. The second original targets will be the merger of
intermediate-mass BBHs with total mass between a few hundreds and ∼ 104M⊙ [27–29] 3.
A key goal of the B-DECIGO project is to explore the origin and evolution history of these
BNSs and BBHs, precisely measuring their parameters (masses, spins, Love numbers etc.)
out to the high-redshift universe [22, 32–34] (other scientific cases for deci-Hz detectors are
summarized in, e.g., Refs. [26, 31, 35]).
Besides opening the deci-Hz window to GW astronomy, a novelty of B-DECIGO detection
lies in the fact that it will be followed up and will guide the binary measurement in other
bands. In FIG. 1, we immediately see that the early inspiral parts of binary systems like
GW150914 and GW170817 are visible in the deci-Hz (B-DECIGO) band (and even in the
milli-Hz (LISA) band for GW150914) prior to coalescence in the hecto-Hz (aLIGO) band.
The binary parameters that are most readily accessible differ in each band, which, in turn,
suggests that the joint multiband analysis across LISA, B-DECIGO, and aLIGO bands may
be able to greatly enhance our ability to measure compact binaries.
The above observation has motivated the formulation of multiband GW astronomy over the
full gravitational spectrum. Shortly after the first GW150914 detection, Sesana underlined
the concept of multiband GW astronomy with aLIGO and LISA [36]. It is now realized that
LISA will be able to measure GW150914-like BBHs up to some thousands of them in the
low-redshift universe [36, 37]. Such measurement will accurately determine their sky position
for aLIGO [36], distinguish their formation channels [38–41], and provide a new class of
cosmological standard sirens [42, 43]. In another development, multiband GW astronomy has
been investigated for parameter estimation and gravity testing. Nair, Jhingan, and Tanaka
have explored these aspects (as well as the sky-localization of the sources), focusing on the
joint DECIGO and ground-based observation of BBHs and BH-NS binaries [44, 45]. The
joint LISA and aLIGO analysis of GW150914-like BBHs will also improve the constraints
1 Pre-DECIGO in Ref. [22] is the same as B-DECIGO. After publication of Ref. [22], the DECIGO
Working Group decided to change the name from “Pre-DECIGO” to “B-DECIGO” because there is
a strong science case for B-DECIGO and “Pre” is not the best word to describe the mission.
2The original DECIGO mission concept consists of three satellites with a 1000 km equilateral
triangle heliocentric orbit and four similar systems. This will allow the precise measurement of the
direction and polarization of GW sources [26].
3The event rate of intermediate-mass BBHs depends on the astrophysical models that we assume
(see e.g., Ref. [30, 31]). We do not attempt an event rate estimation here.
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on their dipole radiation [46], the uncertainties in parameter estimation, and tests of general
relativity [47]. Other proposals for multiband GW astronomy include those in Refs. [30, 48–
51].
Nakamura et al. [22] have initiated examination of the precision with which the binary
parameters can be determined by B-DECIGO, considering GW150914-like non-spinning
BBHs. However, the measurability of BH spins, GW170817-like BNSs and the prospects for
the multiband analysis with B-DECIGO have not yet been fully revealed. We shall assess
how precisely we are able to measure the parameters of BNS and BBH inspirals with B-
DECIGO, and explore how multiband B-DECIGO and aLIGO/ET (or LISA) measurement
improves their parameter estimation and science cases over those using only single-band
detection. Some previous studies of parameter estimation in the DECIGO mission can be
found in Refs. [30, 44, 48, 52–54].
1.1. Observable range of B-DECIGO
To set the stage, we first review B-DECIGO’s observable range for a given detection threshold
of the matched-filter signal-to-noise ratios (SNRs; see Eq. (12)) [22]. Consider binary systems
with component masses m1,2 (we assume m1 < m2), total mass m ≡ m1 +m2, symmetric
mass ratio ν ≡ m1m2/m2, and chirp mass M ≡ ν3/5m (throughout, we use geometric units,
where G = c = 1, with the useful conversion factor 1M⊙ = 1.477 km = 4.926 × 10−6 s).
Assuming quasi-circular inspiraling binaries, the coalescing time tc, the instantaneous
number of GW cycles Nc ≡ f2(df/dt)−1 with the GW frequency f , and the dimension-
less characteristic strain amplitude hc of the binary are estimated as (normalized to
GW150914-like BBHs; see Sec. 3) [55, 56]
tc = 1.03× 106 s
(
M
30.1M⊙
)−5/3( f
0.1Hz
)−8/3
, (1)
Nc = 2.75× 105
(
M
30.1M⊙
)−5/3( f
0.1Hz
)−5/3
, (2)
hc = 3.91× 10−21
(
M
30.1M⊙
)5/6( DL
0.4Gpc
)−1( f
0.1Hz
)−1/6
, (3)
where DL is the luminosity distance between the observer and the binary, and the chirp
massM as well as GW frequency f are measured at the observer, accounting for cosmological
effects. When binaries are at a cosmological distance, in the geometrical units, all mass scales
are redshifted by a Doppler factor of 1 + z with the source’s cosmological redshift z. As a
result, for instance, the GW frequency fS and component masses mSi at the source location
are related to those at the observer fO and mOi via f
O = fS(1 + z)−1 and mOi = m
S
i (1 + z),
respectively. In the rest of this paper, we always quote physical quantities measured at the
observer, dropping the labels ‘S’ and ‘O’ (unless otherwise specified) 4.
Equations (1) - (3) show that in the B-DECIGO band GW150914 and GW170817 were
visible for ∼ 10 days and ∼ 7 yrs prior to coalescence with large numbers of GW cycles of
4When we need to convert between the source redshift z and luminosity distance DL, we adopt the
Planck flat cosmology [57] with the matter density parameter (ΩM = 0.31), the dark energy density
parameter (ΩΛ = 0.69), and the Hubble constant H0 = 67.7 km s
−1Mpc−1. The luminosity distance
as a function of redshift z is then given by DL(z) = ((1 + z)/H0)
∫ z
0
dz′(ΩM (1 + z
′)3 +ΩΛ)
−1/2.
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Fig. 1 Left : The square root of the noise power spectrum density of B-DECIGO, as well as
aLIGO, the Einstein Telescope (ET), and LISA against GW frequencies (see Sec. 2.4). The
strain sensitivity hc(f)f
−1/2 [56] completed by GW150914 and GW170817 (in the inspiral
phase) are also depicted as references. Right : The detectable luminosity distance RL(m) for
equal-mass inspirals as a function of their redshifted total masses m. We assume a four-year
mission lifetime for B-DECIGO and LISA [2] and a detection SNR threshold at 8, for which
we average over all-sky positions and binary orientation (see Eq. (12)); RL(m) with m fixed
becomes smaller by a factor of
√
4ν for unequal-mass systems and larger by a factor of 2.5
for the optimal geometry. The luminosity distances of BBHs and a BNS observed by aLIGO
and Virgo are also marked. These figures compliment the similar Figs. 2 and 3 in Ref. [22].
∼ 105 and ∼ 107, respectively. More importantly, both of their characteristic strains in this
deci-Hz band are hc ∼ 10−21, which are well above the target dimensionless noise amplitude
of B-DECIGO ∼ 10−23 around 1 Hz [22]. This allows B-DECIGO to observe GW150914- and
GW170817-like binary inspirals out to ∼ 60 Gpc (z ∼ 6) and ∼ 1 Gpc (z ∼ 0.2), respectively,
assuming a detection (sky and polarization averaged) SNR threshold at 8 for a 4 yr mission
lifetime 5.
Intermediate-mass BBHs with the redshifted total mass m ∼ 104M⊙ can also stay in the
B-DECIGO band for ∼ 1 d with ∼ 103 GW cycles before their final merger. Indeed, the GW
frequency emitted at the innermost stable circular orbit (ISCO) of a Schwarzschild BH with
(redshifted) mass M is
fISCO = 0.44 Hz
(
M
104M⊙
)−1
, (4)
placing GWs emitted from such intermediate-mass BBHs well within the B-DECIGO band.
Once again assuming a detection (sky and polarization averaged) SNR threshold of 8, we
see that they are within the observable range of B-DECIGO even at ∼ 520Gpc (z ∼ 40).
These results are illustrated in FIG. 1, with the conclusion that the high-redshift BNSs and
BBHs up to m ∼ 105M⊙ can indeed be detectable by B-DECIGO.
5 In practice, the detection SNR threshold is set not only by the false alarm rate, but also by the
computational burden of generating inspiral templates. Because of this computational limitations,
the actual SNR threshold for BNSs would have to be higher value than 8 [58].
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1.2. Parameter estimation with B-DECIGO: Multiband measurement
In matched filtering analysis, the measurement errors of binary parameters are classified
into two categories; the statistical error due to the random noise in the detectors, and
the systematic errors resulting from, e.g., inaccurate waveform modeling of the expected
GW signals. To underline what could be expected from B-DECIGO measurements, next we
consider the inspiral phase of aligned-spin BNSs and BBHs in quasi-circular orbits, which is
approximated well by the post-Newtonian (PN) waveforms [59].
For B-DECIGO, the achievable precision of the statistical error can be very high, because
the statistical errors scale as ∝ SNR−1(1 +O(SNR−1)) [60, 61], and FIG. 1 shows that BNSs
and BBHs will be visible by B-DECIGO with high SNRs 6. At the same time, recall that the
precision in statistical errors is determined by a combination of the SNR and the bandwidth
over which a detector accumulates the SNR (see, e.g., Ref. [62]). Indeed, the high SNR
of systems like GW150914 and GW170817 in the B-DECIGO band comes from the large
numbers of GW cycles of ∼ 106 (recall Eq. (2)) accumulated in the much greater bandwidth
during inspiral than that in the aLIGO band. This suggests the interesting possibility that
we may be able to precisely measure, for instance, individual BH spins in GW150914-like
BBHs in the B-DECIGO band, which can be hard to measure in the aLIGO band because
of their strong degeneracy in the parameter dependence of the PN waveform [63–68]. The
effects of BH spins come into the waveform at higher frequencies, but the broader bandwidth
available in the lower B-DECIGO band might allow for tighter constraints.
The multiband analysis with B-DECIGO will further reduce the statistical uncertainties
using only single-band analysis. The key point is that information from earlier B-DECIGO
(or LISA) analysis can constrain the prior on the aLIGO (or B-DECIGO) analysis most nat-
urally. This prior information refines the estimation of, for instance, the NS spin- and tidally
induced deformations in BNS waveforms, from which we can infer the NS internal structure
(equation of state) [69, 70]. Once again, their precision is limited by a partial degeneracy
between these effects and the mass ratios, as well as spins in the PN waveform [71–76]. If the
mass ratio is already precisely constrained from the early inspiral in the lower B-DECIGO
band, the measurement of such matter imprints in the waveform could be more precise in
the higher aLIGO band.
Nonetheless, these improvement in statistical errors could be hampered by the systematic
errors in the PN modeling of BNS and BBH inspirals, which is still an approximation of true
general-relativistic (numerical-relativity) waveforms. Here it is important to recognize that
the systematic measurement error is SNR independent [77] while the statistical measurement
error scales with the inverse of SNR. Because the BNSs and BBHs observable by B-DECIGO
will have high SNR, ultimately, the systematic mismodeling errors might be the limiting
factor in their measurement.
The remainder of the paper quantifies the statistical and systematic parameter estima-
tion errors in inspiraling BNSs and BBHs, using B-DECIGO and multiband measurements.
We begin in Sec. 2 with a review of our methodology, including our PN waveform model
and the Fisher matrix formalism for parameter estimation of GW signals. In Sec. 3, we
6 For an inspiral with the redshifted total mass m at the luminosity distance DL, the (sky and
polarization averaged) SNR is estimated as 8(DL/RL(m))
−1, making use of the detectable luminosity
distance RL(m) in FIG. 1.
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present our main results for the statistical and systematic errors, respectively. We finish
with two scientific cases in Sec. 4 that could be done in multiband GW astronomy with
B-DECIGO: the redshift measurement of cosmological BNSs with GW observation alone,
and the characterization of final remnant BHs using BBH inspirals.
2. Parameter estimation using post-Newtonian waveforms
As a first step toward the full problem of parameter estimation, for simplicity, we use as
our GW signal model the up-to-date inspiral-only PN waveform with tidal (finite-size) cor-
rections [59, 71, 78] neglecting merger and ringdown, and employ the semi-analytic Fisher
information matrix formalism [63, 77, 79] for the signal analysis. We will also neglect the
orbital motion of B-DECIGO and LISA, and average the signals over the all-sky positions
and binary orientations [79, 80]. Our analysis is limited to the aligned-spin inspirals in
quasi-circular orbits because these are the only configurations for which the NS and BH
tidal influences on the GW phase are computed in the PN approximation.
2.1. Tidally corrected non-precessing 3.5PN waveform
Motivated by the fact that matched filtering is more sensitive to the phase of the signal than
its amplitude, we work with the frequency-domain “restricted” stationary phase approxima-
tion to the PN waveform, in which both higher-multipole components and PN corrections
to the wave amplitude are ignored. After averaging over the all-sky positions and binary
orientations, the resultant waveform reads [55]
h˜(f) = Af−7/6eiΨ(f) , A =
2
5
×
√
5
24
pi−2/3
M5/6
DL
, (5)
with the “Newtonian” amplitude scaled by the factor 2/5. The GW phase Ψ(f) is the sum of
two contributions: (i) spinning point-particle terms that are independent of the nature of the
NSs or BHs comprising the binary, superposed with (ii) finite-size terms (depending on the
nature of the NS or BH comprising the binary) that arise from the rotational deformation
of an axially symmetric NS 7, and the tidal response of the BH or NS in the binary on the
other companion.
For non-precessing BNSs, the GW phase Ψ(f) may be expressed as
ΨBNS(f) = 2piftc −Ψc − pi
4
+
3
128νv5
(
∆Ψpp3.5PN +∆Ψ
pp−spin
3.5PN +∆Ψ
NS−QM
3.5PN +∆Ψ
NS−tidal
6PN
)
, (6)
where tc and Ψc are the coalescence time and phase, respectively, and we introduce the
orbital velocity v ≡ (pimf)1/3: an O(v2n) term is of nth PN order. The first term, ∆Ψpp3.5PN,
is the spin-independent, point-particle contribution up to 3.5PN order, derived in Ref. [62] 8.
The second term, ∆Ψpp−spin3.5PN , is the 3.5PN spin-dependent, point-particle contribution that
includes linear spin-orbit effects [59, 83], quadratic-in-spin effects [84], and cubic-in-spin
7 Following the tradition in PN waveforms, we have classified the corrections from BH rotational
deformation here as “spinning point-particle” terms [81, 82].
8 In our analysis, we break with tradition and keep only terms ∝ ln(v) at 2.5PN order. The terms
∝ v5 become constant in ΨBNS(f) due to cancellation with the overall factor of v−5, and can be
absorbed into Ψc [62]. The same is applied with the 2.5PN terms in ΨBBH(f) below.
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effects [85]. Using the dimensionless spin parameter χi ≡ SSi · ℓS/(mSi )2 defined in terms of
the source-frame individual body’s mass mSi and spin vectors S
S
i as well as the unit normal
ℓS to the orbital plane, ∆Ψpp−spin3.5PN is given as a function of v and (ν, χs, χa) where χs ≡
(χ1 + χ2)/2 and χa ≡ (χ1 − χ2)/2. Note that positive (negative) values of χi correspond to
the aligned (anti-aligned) configurations with respect to the orbital angular momentum of
the binary. Their explicit expressions are computed in Refs. [81, 82].
The third term, ∆ΨNS−QM3.5PN , is the finite-size correction due to the rotational deformation
of a NS. Restricted to the dominant effect, this is well characterized by the (dimensionless)
NS quadrupole parameter κi ≡ −(Q/χ2i )/(mSi )3 [74, 84] 9. The spin-induced quadrupole
moment scalar Q [89] is fixed when the source-frame NS mass mS and equation of state are
given, encoding the NS internal structure. Such spin-induced quadrupole-moment corrections
to the GW phase start from 2PN order beyond the lowest PN term in Eq. (6), and we include
them to the 3.5PN order [90] (assuming m1 < m2)
10:
∆ΨNS−QM3.5PN ≡ −25Q˜v4 +
{(
15635
42
+ 60ν
)
Q˜− 2215
24
√
1− 4νδQ˜
}
v6
+
[{
− (280pi + 10νχs) + 375
2
(
χs −
√
1− 4νχa
)}
Q˜
+
1985
6
(
χa −
√
1− 4νχs
)
δQ˜
]
v7 , (7)
where we define the “combined” dimensionless quadrupole parameters scaling as the square
of the NS spins by
Q˜ ≡ {(1− 2ν)(κ1 + κ2 − 2)−√1− 4ν(κ1 − κ2)} (χ2s + χ2a)
+ 2
{
(1− 2ν)(κ1 − κ2)−
√
1− 4ν(κ1 + κ2 − 2)
}
χsχa ,
δQ˜ ≡ {(1− 2ν)(κ1 − κ2)−√1− 4ν(κ1 + κ2 − 2)} (χ2s + χ2a)
+ 2
{
(1− 2ν)(κ1 + κ2 − 2)−
√
1− 4ν(κ1 − κ2)
}
χsχa . (8)
These parameters are conveniently chosen such that (a) the leading-order correction at 2PN
order depends only on Q˜, (b) Q˜ = 0 = δQ˜ for a BBH because a spinning BH has κi = 1 [84],
and (c) Q˜(κ1 = κ2 = κ) = (κ/2 − 1)χ2 as well as δQ˜(κ1 = κ2 = κ) = 0 for equal-mass (ν =
1/4), equal-spin (χ1 = χ2 = χ) BNSs. It is also important to recognize that the parameters
(Q˜, δQ˜) implicitly include the redshift factor (1 + z)3 when using the NS masses at the
observer mOi [75].
The last term, ∆ΨNS−tidal6PN , is the finite-size correction due to the quadrupole tidal response
of a NS. Restricted to slowly changing tidal fields, this response can be characterized by
the (dimensionless) NS tidal deformability Λi ≡ (2/3)k2(RSi /mSi )5 [71] (see also Ref. [92]).
Similar to the quadrupole moment scalar Q, both the second (electric-type) Love number
k2 [93] and the source-frame NS radius R
S are fixed when mS and the equation of state
are given. Such tidal correction to the GW phase starts from 5PN order beyond the lowest
9The known NS has at most χ . 0.4 [86, 87], for which this characterization is sufficient [88].
10We neglect the subdominant spin-induced NS octpole moment also entering 3.5PN order [85, 91].
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PN term in Eq. (6), and we are only concerned with the leading-order (5PN) and next-to-
leading-order contributions (6PN) [94, 95] 11:
∆ΨNS−tidal6PN ≡ −
39
2
Λ˜v10 +
(
−3115
64
Λ˜ +
6595
364
√
1− 4νδΛ˜
)
v12 , (9)
where “combined” dimensionless tidal deformabilities Λ˜ and δΛ˜ are given by (once again
assuming m1 < m2) [13, 72, 98]
Λ˜ ≡ 8
13
{
(1 + 7ν − 31ν2)(Λ1 + Λ2)−
√
1− 4ν(1 + 9ν − 11ν2)(Λ1 − Λ2)
}
,
δΛ˜ ≡ 1
2
{√
1− 4ν
(
1− 13272
1319
ν − 8944
1319
ν2
)
(Λ1 + Λ2)
−
(
1− 15910
1319
ν +
32850
1319
ν2 +
3380
1319
ν3
)
(Λ1 − Λ2)
}
. (10)
They have the convenient properties Λ˜(Λ1 = Λ2 = Λ) = Λ and δΛ˜(Λ1 = Λ2 = Λ) = 0 in the
equal-mass limit ν = 1/4. The parameters Λ˜ and δΛ˜ in Eq. (9) are redefined to include the
Doppler factor (1 + z)5 for Λ1,2 because we have used the NS masses at the observer m
O
i .
We also remark that each NS tidal deformability can be related to the NS’s spin-induced
quadrupole-moment parameter using quasi-universal relations [99].
Meanwhile, the GW phase Ψ(f) for aligned-spin BBHs may have the form
ΨBBH(f) = 2piftc −Ψc − pi
4
+
3
128νv5
(
∆Ψpp3.5PN +∆Ψ
pp−spin
3.5PN +∆Ψ
BH−tidal
3.5PN
)
. (11)
The spin-(in)dependent point-particle terms ∆Ψpp3.5PN and ∆Ψ
pp−spin
3.5PN are the same as those
for a BNS in Eq. (6). The third term, ∆ΨBH−tidal3.5PN , is the finite-size correction due to the tidal
response of a BH. Restricted to slowly changing tidal fields, each BH in a BBH is tidally
heated and torqued by its companion [78, 100, 101] 12. These tidal contributions to the GW
phase first appear at 2.5PN order for aligned-spin BBHs, and we keep the leading-order
(2.5PN) and the next-to-leading-order (3.5PN) contributions [102], including the 2.5PN and
3.5PN contributions due to the energy and angular-momentum fluxes across the BH horizon,
and the 3.5PN secular corrections to the binary’s binding energy and GW luminosity (energy
flux emitted to infinity) accumulated over the inspiral timescale. ∆ΨBH−tidal3.5PN is also the
function of v and (ν, χs, χa), which thus adds extra spin-dependent, finite-size contributions
to ΨBBH(f). Its explicit expression is derived in Ref. [103]; note that the tidal heating and
torquing for non-spinning BBHs start only from 4PN order, yielding ∆ΨBH−tidal3.5PN = 0 [101].
2.2. Parameter estimation: Statistical errors
The parameter errors due to the overall effect of detector noise now have a firm statistical
foundation (see, e.g., Refs. [63, 79]). We assume that the GW signal observed in a detector
(the so-called “template”) is modeled by the sky-averaged 3.5PN waveform h˜(f ;θ) (see
Eq. (5) with the set of physical parameters θ. We also assume that the noise in a detector
is additive, stationary, Gaussian with zero means, and uncorrected with each other when
considering a multiband network of GW detectors.
11 The spin-tidal coupling term starts at 6.5PN [96, 97], which is negligible here.
12 The tidal Love numbers of slowly spinning BHs are all zero [93, 104].
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We begin with the single detector configuration. In the matched filtering analysis, the
SNR (corresponding to the maximum correlation with the optimal filter) for the given time-
domain signal h is defined by
ρave ≡ (h | h)1/2 =
√
2
15
M5/6
DL
pi−2/3
(∫ fend
fin
f−7/3
Sh(f)
df
)1/2
. (12)
The bracket denotes the inner product weighted by the noise power spectrum density Sh(f)
(asterisk “∗” is used for complex conjugation) [79]
(a | b) = 2
∫ fend
fin
a˜∗(f)b˜(f) + b˜∗(f)a˜(f)
Sh(f)
df , (13)
where [fin, fend] is the frequency range determined by the detector setup and property of
signals; see Sec. 2.4. Note that the SNR of Eq. (13) automatically gives the averaged SNR
over all-sky position and binary orientation [63, 80], because of the “sky-averaging” factor
of 2/5 i n the waveform of Eq. (5) 13. Equation (12) can be recast in terms of DL to describe
the observable range for a fixed ρave [62, 105]. This was used to plot the right panel of
FIG. 1.
For Gaussian noise and high-SNR sources (together with caveats [60, 61]), the standard
Fisher matrix formalism allows us to estimate the statistical errors δθ ≡ θ − θ0 associated
with the measurement, where θ and θ0 are the best-fit parameters in the presence of some
realization of noise and the “true value” of the physical parameters, respectively. In the
high-SNR limit, δθ has a Gaussian probability distribution [60]
p(δθ) ∝ p(0)(θ) exp
(
−1
2
Γabδθ
aδθb
)
, (14)
where p(0)(θ) are the prior probabilities of the physical parameters; summation over repeated
indices is understood (and we do not distinguish upper indices from lower ones). Here Γab ≡
(∂h˜/∂θa|∂h˜/∂θb)|θ=θ0 , is the Fisher information matrix defined in terms of Eq. (13), and its
inverse defines the variance-covariance matrix Σab ≡ (Γab)−1 for the Gaussian distribution
of Eq. (14). Then, the root-mean-square error and cross correlations of parameters θ are
given by
σa ≡ 〈(δθa)2〉1/2 =
√
Σaa , cab ≡ 〈δθ
aδθb〉
σaσb
=
Σab√
ΣaaΣbb
, (15)
where angle brackets denote an average over the Gaussian distribution of Eq. (14) (there is
no summation over repeated indices here). By definition, each cab must be restricted to the
interval [−1, 1]; when |cab| ∼ 1 (|cab| ∼ 0), it is said that the two parameters θa and θb are
strongly correlated (almost uncorrelated).
Now we return to a multiband network configuration of detectors (e.g., “B-DECIGO +
aLIGO”, and so on). Because we assumed that the noise in the different detectors is uncor-
related, the total network SNR and Fisher information matrix are simply the sum of the
13 Because all “sky-averaging” factors are included in the waveform of Eq. (5), our convention
for Sh(f) is the standard “non sky-averaging”: 〈n˜(f) n˜∗(f ′)〉 ≡ (1/2) δ(f − f ′)Sh(f), where δ is a
delta function, n˜(f) is the Fourier component of the noise n(t), and angle brackets mean ensemble
averaging with respect to the noise distribution.
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individual (averaged) SNRs and Fisher information matrix for each detector:
ρtot ≡
√
(ρIave)
2 + (ρIIave)
2 , Γtotab ≡ ΓIab + ΓIIab . (16)
The total variance-covariance matrix for Eq. (14) is then given by Σab ≡ (Γtotab )−1, from which
we can estimate the corresponding total root-mean-square error and cross correlations of
parameters, making use of Eq. (15). Equations (14) and (16) directly show the advantage
of parameter estimation with the multiband GW network. Having a priori knowledge from
detector I in a different GW band, the parameter estimation with detector II could be more
precise than a single-band analysis using only detector II.
2.3. Parameter estimation: Systematic errors
Next, we collect a few key results from the theory of GW signal analysis to measure the
systematic mismodeling error; this arises from the fact that our PN waveform of Eq. (5)
used in the statistical analysis only approximates the true general-relativistic signals.
We focus only on the waveform phasing error due to the neglect of the 4PN non-spinning
point-particle term in the test-mass limit (ν = 0), which can over-dominate the error budget
in measurement of NS tidal effects in the aLIGO band [72, 98, 106]. With this setup, we
model the “true” GW signal by the sky-averaged PN waveform h˜T(f) ≡ Af−7/6eiΨT(f),
making use of Eq. (5), and the true GW phase is ΨT(f) ≡ ΨBNS/BBH + 3∆Ψpp4PN/(128νv5),
where
∆Ψpp4PN =
{
c4
(
ln(v) − 1
3
)
+
18406
63
ln(v)2 +O(ν)
}
v8 . (17)
The ν-independent coefficient |c4| ∼ 3200 is computed in Ref. [107] built on the results in
Refs. [108, 109]; the calculation of the ν-dependent correction to ∆Ψpp4PN is a current frontier
in PN modeling [110–112].
A standard data-analysis-motivated figure of merit is the match [113, 114] that measures
the accuracy of the approximate (3.5PN) waveform h˜ = h˜BNS/BBH of Eq. (5) by comparing
to the true waveform h˜T with identical (true) source parameters θ0:
match ≡ max
∆tc,∆Ψc
(hˆT | hˆ) = 4 max
∆tc
∫ fend
fin
hˆT(f)hˆ
∗(f)
Sh(f)
e2piif∆tcdf , (18)
where ∆Ψc ≡ ΨTc −Ψc, ∆tc ≡ tTc − tc, and hˆ ≡ h˜/(h˜|h˜)1/2. Here, maximizing over the phase
∆Ψc is done analytically [115]. Waveform models with low match (. 0.97) are generally
considered to be not “faithful” in the parameter estimation [116].
Still, how much systematic bias on the parameter estimation does the high-match (&
0.97) waveform generate? Given a best-fit waveform h˜(θ) to the detector output with the
best-fit parameters θ, Cutler and Vallisneri showed that the systematic estimation errors
in the source parameter ∆θ ≡ θ − θ0 can be estimated by minimizing the inner product
(hˆT(θ0)− hˆ(θ)|hˆT(θ0)− hˆ(θ)). In the high-SNR regime, it was shown that the minimization
of this inner product yields [77] (see also Ref. [72])
∆θa =
3
32
A2(pim)5/3
ν
Γ−1ab
∫ fend
fin
f−2/3
Sh(f)
∆Ψpp4PN ∂bΨ df , (19)
where we use the sky-averaged PN waveform of Eq. (5) with the assumption ∆θa∂aΨ . 1. In
contrast to the statistical errors σ ∼ SNR−1, it is important to recognize that the systematic
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error ∆θa is essentially independent of SNR because both the SNR of Eq. (12) and the Fisher
information matrix scale as SNR2 ∼ A2 ∼ Γab, while ∆θa ∼ A0.
2.4. Noise sensitivity of B-DECIGO and other GW detectors
The computation of the statistical and systematic parameter estimation errors will require
as an input the model of noise power spectrum density Sh(f) corresponding to each GW
detector. For B-DECIGO, we use the expected Sh(f) proposed by Nakamura et al. [22] (see
also Ref. [53] for the (original) DECIGO configuration)
Sh(f) ≡ S0
(
1.0 + 1.584 × 10−2 y−4 + 1.584 × 10−3 y2) (20)
with y ≡ f/(1.0Hz), S0 ≡ 4.040 × 10−46Hz−1, and our default frequency range [flow, fup] =
[0.01, 1.0× 102] Hz. Note that S0 may include the geometrical factor 3/4 = sin2(pi/3) due to
the 60◦ opening angle of the constellation.
For other GW bands, we consider aLIGO [117] and a 3rd generation GW detector, the
Einstein Telescope (ET) [118], in the hecto-Hz band as well as LISA [119] in the milli-Hz
band (see also Ref. [120]). Their analytic fits to Sh(f) can be found in the cited references,
and we choose their default frequency interval as [flow, fup] = {[10.0, 2.0× 103], [2.0, 2.0×
103], [1.0× 10−4, 1.0]}Hz, respectively 14. Their amplitude spectral densities
√
Sh(f) Hz
−1/2
within [flow, fup] are plotted in the left panel of FIG. 1; note that we shall not consider the
galactic confusion noise component in the milli-Hz band [2, 122].
We assume a Tobs = 4yr observation period (except in FIG. 2, as specified), which
echoes the mission lifetime requirement of LISA [2]. All waveforms have cutoff fre-
quencies at fin = max{1.65 × 10−2(M/30M⊙)−5/8(Tobs/4 yr)−3/8, flow} [55] and fend =
min{fISCO, fup}, where the ISCO frequency of the Schwarzschild metric fISCO of Eq. (4) is
determined by the redshifted total mass m 15.
2.5. Binary parameters
In our simplified version of binary problems, the sky-averaged PN waveforms h˜BNS and h˜BBH
in Eq. (5) depend on 11- and 7-dimensional parameters, respectively:
θBNS = (lnA, f0 tc, Ψc, lnm, ν, χs, χa, Q˜, δQ˜, Λ˜, δΛ˜) ,
θBBH = (lnA, f0 tc, Ψc, lnm, ν, χs, χa) . (21)
Here, we absorb all amplitude information into the single parameter A, and set f0 = 1.65Hz,
at which Sh(f) of B-DECIGO is minimum. However, it is known that the PN waveform of
Eq. (5) yields the block diagonal form of the Fisher information matrix ΓlnA a = δlnA aρ
2
ave,
which means that lnA is entirely uncorrelated with the other parameters [64]. For this
14The factor 20/3 = 5/ sin2(pi/3) in Eq. (2.1) of Ref. [119] is a standard conversion factor between
aLIGO and LISA configurations, which is (the inverse of) the products of 1/5 from an average over
the pattern functions and 3/4 = sin2(pi/3) from the angle between detector arms being 60◦ [121].
Recall that our convention for Sh(f) is “non-sky-averaging” because the amplitude parameter A in
Eq. (5) has already accounted for the pattern-average factor 1/5. To avoid counting this factor twice,
we import Sh(f) from Ref. [119] after replacing the factor 20/3 with 4/3.
15The abrupt cutoff of the waveform at fISCO could artificially improve the parameter estimation
if the waveform has sufficient noise-weighted power at the ISCO frequency [123]. For simplicity, we
ignore this systematic bias.
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reason, we shall remove lnA from our list of independent parameters and only consider the
other 6-dimensional parameters, assuming that they are unconstrained (with “flat” priors
p(0)(θ) ∼ const. in Eq. (14)) 16.
For BNSs, we have parameterized NS quadrupole-moment and tidal effects in terms of
“combined” dimensionless parameters (Q˜, δQ˜) in Eq. (8) and (Λ˜, δΛ˜) in Eq. (10), instead of
κ1,2 and Λ1,2, respectively, to improve their measurement precision [13, 69]. Furthermore, we
shall exclude the parameters (δQ˜, δΛ˜) from our estimation. The rationale for our choice is
that (δQ˜, δΛ˜) only show up as the next-to-leading-order corrections in the GW phase (recall
Eqs. (7) and (9)), and their contributions can be very small 17.
In this work er consider the following three binaries for B-DECIGO; the parameter of Sys-
tem C is motivated by LISA’s “threshold” system (with a source-frame total mass of mS ∼
3000M⊙ and mass ratio ofm1/m2 = 0.2) that defines LISA’s observational requirement [2].
◦ System A: GW170817-like BNS with individual masses of (m1 = 1.3M⊙, m2 = 1.4M⊙)
and dimensionless spin magnitudes of χ1 = χ2 = 0.05 as well as a source-frame dimen-
sionless quadrupole parameter of Q˜S = 1.75 × 10−2 and tidal deformability of Λ˜S =
7.03 × 102, located at 40Mpc (z ∼ 0.009).
◦ System B: GW150914-like BBH with individual masses of (m1 = 30M⊙, m2 = 40M⊙)
and dimensionless spin magnitudes of (χ1 = 0.9, χ2 = 0.7), located at 400Mpc (z ∼
0.09).
◦ System C: LISA’s “threshold” BBH with individual masses of (m1 = 1000M⊙, m2 =
5000M⊙) and dimensionless spin magnitudes of (χ1 = 0.9, χ2 = 0.7), located at 6.8Gpc
(z ∼ 1.0).
The coalescence time and phase are tc = 0.0 = Ψc for each system. When we measure them
using multiband network detectors, systems A, B, and C are also visible in the aLIGO band,
aLIGO and LISA band, and LISA band, respectively (recall FIG. 1).
3. Results of parameter estimation
In what follows we summarize our parameter estimation results for each system. We stress
that the methodology of our analysis is extremely simplified, e.g., with a flat prior and
by using only the inspiral-only PN waveform; indeed, our aLIGO estimation errors for
System A (“GW170817”) and System B (“GW150914”) obviously contradict those mea-
sured by aLIGO and advanced Virgo [8, 13]. Thus, the estimation errors that we quote
below should be only indicative and tentative. Our results have to be followed up by using
more accurate inspiral-merger-ringdown waveforms with additional known effects (e.g., NS
spins, spin-induced precession, etc.) and the orbital motion of B-DECIGO, a more rigorous
Baysian-posterior-based parameter estimation method, and extended to a more exhaustive
study of parameter spaces in future.
16 It should be borne in mind that in general a different prior assumption leads to different con-
clusions on the parameter estimation (see, e.g., Refs. [64, 124]). From this point of view, it would
be more physical to take into account priors for the fact that χ1,2 and ν are restricted to the inter-
val [−1, 1] and (0, 1/4], respectively. Analysis that assumes a certain prior for Λ˜ and δΛ˜ would also
improve their estimation [13, 73].
17 For the GW170817-like equal-spin BNS (System A) described below, we have δQ˜/Q˜ ∼ 0.07 and
δΛ˜/Λ˜ ∼ 0.08, and (δQ˜, δΛ˜) in the GW phase are further suppressed by the factor √1− 4ν ∼ 0.04;
they are essentially negligible in our analysis.
12/22
However, we are confident that the overall trend of our results (e.g., the order of magnitude
of errors) should be robust, and provides a realistic idea of what can be measured with
B-DECIGO as well as the multiband network including it.
3.1. Statistical errors: Fixed SNR
The statistical parameter estimation errors scale as σ ∝ SNR−1(1 +O(SNR−1)) [60, 61],
and their achievable precision depends on both the SNR and the bandwidth, over which the
SNR is accumulated. For the former aspect, B-DECIGO measurement has already shown an
advantage in FIG. 1, where we find that System A, B, and C are all high-SNR (∼ 102) sources.
Furthermore, the multiband measurement does better than B-DECIGO alone because the
systems considered are always much louder in the network SNR (16).
Here, we look at the latter aspects of the statistical errors, i.e., their improvement arising
from the broader bandwidth. To best quantify this, we introduce the normalized statistical
errors δθˆ normalized to a fixed SNR ρ,
δθˆ ≡ ρσ , (22)
and display the statistical errors in terms of δθˆ; the overall statistical errors are simply
recovered from σ = δθˆ/ρ.
We start by looking at System A (GW170817-like BNS). In the left panel of FIG. 2, we
show the B-DECIGO statistical errors δθˆBD normalized to its SNR ρ
BD
ave (see Table 1) as a
function of the lower cutoff frequency fin. Here we leave the errors δχs,a and (δQˆ, δΛˆ) out
of the plot because B-DECIGO is not able to discern the parameters associated with the
waveforms; they are significant only in the higher aLIGO band, as anticipated. We see that
δθˆBD becomes significantly smaller as the signal contributes to broader bandwidth
18. For
a 4 yr observation before the coalescence, e.g., δνˆ/ν is below 0.05% mark, and the overall
statistical error in tc is σtc . 5.0 s when fend = 1.0Hz (corresponding to ∼ 6 d before reaching
at fISCO). Hence, B-DECIGO is able to alert aLIGO and electromagnetic observatories about
the time of merger well in advance.
Table 1 reports δθˆ for System A measured by two different multiband GW networks, “B-
DECIGO + aLIGO” (the first column) and “B-DECIGO + ET” (the second column); they
are now normalized to the corresponding total network SNR ρtot. We see that δmˆ and δνˆ
in the B-DECIGO measurements can be far better than those in aLIGO (ET) measure-
ments by ∼ 2 orders of magnitude. For the multiband measurement with B-DECIGO +
aLIGO (ET), the improvement in δmˆ and δνˆ is only incremental as B-DECIGO already
measures them quite precisely during the early inspiral. When it comes to the NS (sym-
metric) spins χs and matter imprints like quadrupole and tidal parameters (Q˜, Λ˜), however,
the benefit from having B-DECIGO information becomes drastic. The multiband analysis
18We find that δθˆa
BD
in FIG. 2 can produce “bumps” when the corresponding covariance matrix cab
of Eq. (15) changes their signs, crossing zero. When cab = 0, θa and θb become entirely uncorrelated
with each other, and this suddenly “improves” (or “worsens”) the parameter estimation. In our
investigation, this should be another systematic bias due to PN waveforms because the varying PN
order of the GW phase ΨBNS/BBH in Eqs. (6) and (11) shifts the location of these bumps (for fixed
binary parameters). We postpone a more detailed study of this issue to the future, but their systematic
nature should lend caution to future parameter-estimation studies of binary inspirals based on the
Fisher information matrix and PN waveforms.
13/22
0.1 1 10
fin
 1e-04
0.001
0.01
0.1
1
10
100
1000
10000
  1e+05
f0 tc
φ
c
ln m
ν
0.01 0.1 1
fin
0.1
1
10
100
1000
10000
f0 tc
Ψ
c
ln m
ν
χ
s
χ
a
Fig. 2 B-DECIGO statistical errors δθˆBD normalized to its SNR ρ
BD
ave for System A
(GW170817-like BNS with ρBDave = 1.67× 102: left) and System B (GW150914-like BBH with
ρBDave = 2.51× 102: right), as a function of the lower cut-off frequency fin; we set f0 = 1.65Hz
at which B-DECIGO Sh(f) is minimum. The errors δχs,a and (δQˆ, δΛˆ) for System A are not
plotted as B-DECIGO cannot constrain them. The range of fin corresponds to a [7min, 10 yr]
observation (System A) and [0.2min, 10 yr] observation (System B) before reaching the ISCO
frequency fISCO; we have fin ∼ 1.2 × 10−1 Hz (System A) and ∼ 1.7× 10−2 Hz (System B)
for a 4 yr observation.
can reduce the error in the tidal parameter δΛˆ/Λ˜ by an order of magnitude in aLIGO or
ET alone. Furthermore, it is interesting to observe that there is the potential to extract the
spin and spin-induced quadrupole parameters (χs, Q˜) from the GW waveforms making use
of B-DECIGO + aLIGO (ET) measurements. While the errors (δχˆs/χs, δQˆ/Q˜) determined
by only B-DECIGO or aLIGO(ET) are too large to yield any constraint on them, the multi-
band measurement significantly reduces these errors by two orders of magnitude. Indeed,
these results benefit from the mass ratio being very precisely measured by B-DECIGO. Our
estimation suggests that in the future B-DECIGO + aLIGO (ET) multiband era it will allow
us to measure the NS equation of state much better relying on both spin and tidal effects.
We next turn to examine System B (GW150914-like BBH). In the right panel of FIG. 2
we plot δθˆBD normalized to the B-DECIGO SNR ρ
BD
ave (see Table 2) as a function of fin.
The overall trend of δθˆBBH is similar as that of the left panel (System A), but, strikingly,
B-DECIGO is able to measure the individual BH spins χ1,2; after converting δχˆ
BD
s,a to the
overall statistical errors of BH spins σχ1,2 for ρ
BD
ave) with the standard variance-propagation
formula 19, we find that χ1,2 can be measured better than 10% (for a 4 yr observation). This
result seems counterintuitive because the spin effects in the GW phase first enter through
the 1.5 PN spin-orbit couplings [59], expected to emerge in the high frequency aLIGO band.
However, recall that the spin-dependent point-particle contribution ∆Ψpp3.5PN in Eqs. (6)
and (11) are proportional to the inverse of v−5. Because of that, the 1.5PN spin-orbit term
19 Suppose random variables are collected in the random vector y, together with a non-linear
function y = f(x) of Gaussian random variables x. In a first-order approximation of a Taylor
series expansion of y = f (x0) + Jdx . . . around a given vector x0 with Jacobian matrix Jab =
(∂fa(x))/∂xb|x=x0 , the variance-covariance matrix Σyy for y is given by Σyy = JΣxxJT where Σxx
is the variance-covariance matrix for x.
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Detector SNR δtˆc δΨˆc δmˆ/m δνˆ/ν δχˆs/χs δQˆ/Q˜ δΛˆ/Λ˜
B-DECIGO (BD) + aLIGO
BD (1.67 × 102) 1.98 1.19 × 103 1.03× 10−4 1.71 × 10−4 · · · · · · · · ·
aLIGO (3.49 × 101) 1.16 4.05 × 103 6.19× 10−2 9.93 × 10−2 7.87× 103 2.44 × 104 1.35 × 102
BD + aLIGO 1.71 × 102 5.11 × 10−2 1.94 1.03× 10−4 1.71 × 10−4 1.81× 102 1.73 × 102 2.13 × 101
B-DECIGO (BD) + ET
BD (1.67 × 102) 5.93 3.56 × 103 3.07× 10−4 5.12 × 10−4 · · · · · · · · ·
ET (4.83 × 102) 1.31 × 10−1 4.01 × 102 1.18× 10−2 1.97 × 10−2 8.45× 102 1.99 × 103 2.17 × 101
BD + ET 5.11 × 102 2.65 × 10−2 6.39 × 101 3.07× 10−4 5.12 × 10−4 1.22× 102 1.50 × 102 8.85
Table 1 Statistical parameter errors δθˆ normalized to the total multiband SNR ρtot
for System A (GW170817-like BNS). The first and second columns give δθˆ for the two
different multiband networks B-DCEIGO + aLIGO and B-DECIGO + ET, respectively
(thus, using different total SNRs ρtot for δθˆ). For each of the two columns, the first and second
lines show δθˆ using only B-DECIGO and aLIGO (or ET), respectively, while the third line
displays those obtained by multiband measurement. They are evaluated at the true values
ν = 0.249657, χs = 0.05, and χa = 0.0. The blank cells indicate at least |δθˆ/θBNS| > 103,
and the error δχˆa are not displayed here because none of the detectors or networks listed
here can measure it (except B-DECIGO + ET network, which yields δχˆa ∼ 1.37 × 102).
could actually be more pronounced in the lower B-DECIGO band, introducing greater variety
in the waveform. This is indeed what the results show. We remark that the spin-dependent
tidal corrections ∆ΨBH−tidal3.5PN play an important role for B-DECIGO measurement from this
point of view; its neglect adds ∼ 2% relative uncertainties when measuring χˆs,a.
Table 2 reports δθˆ for System B measured by three different multiband GW networks,
“B-DECIGO + aLIGO” (the first column), “B-DECIGO + ET” (the second column), and
“LISA + aLIGO” (the third column), each normalized to the total network SNR ρtot. We see
that the B-DECIGO measurement of θˆBBH can be all improved tremendously, by 3 to 4 (1
to 2) orders of magnitude, compared to the aLIGO (ET) measurement 20. Although θˆBBH is
largely constrained in the B-DECIGO band, there is further several factors of improvement
for joint B-DECIGO + aLIGO (ET) analysis. Also, the broader conclusions that we can draw
from “LISA + aLIGO” measurement agree with those by Sasana [36] and Vitale [47], which
focused on the similar GW150914-like system; LISA can predict the coalescence time within
less than 30s, and prior information from LISA can reduce the uncertainties of individual
BH spins in the aLIGO measurement (we shall not, however, attempt a precise comparison
with them because of the significant difference in methodology). In principle, we could even
consider full multiband measurement with a “LISA + B-DECIGO + aLIGO (ET)” network.
However, it makes virtually no difference compared to the B-DECIGO + aLIGO (ET) net-
work. B-DECIGO already measures θˆBBH very precisely, and the LISA contribution to ρtot
is very small.
Finally, Table 3 reports δθˆ for System C (LISA’s “threshold” BBH) measured by the
multiband GW network “B-DECIGO + LISA”, normalized to ρtot. This clearly shows
that B-DECIGO can measure θBBH very well, except for χa. We find that in terms of
20Recall that they are overestimated due to our simplified inspiral-only analysis in the aLIGO band.
If we instead compare our B-DECIGO results with the measurement uncertainties of GW150914 [125],
the improvement against the aLIGO measurement may be by ∼ 2 orders of magnitude.
15/22
Detector SNR δtˆc δΨˆc δmˆ/m δνˆ/ν δχˆs/χs δχˆa/χa
B-DECIGO (BD) + aLIGO
BD (2.51 × 102) 3.27 × 10−1 5.52 × 101 1.24 × 10−1 2.07 × 10−1 4.31 1.98 × 102
a-LIGO (3.70 × 101) 1.94 × 102 1.48 × 105 1.25 × 103 2.01 × 103 2.31 × 104 9.15 × 105
BD + aLIGO 2.54 × 102 1.39 × 10−1 3.48 × 101 9.86 × 10−2 1.61 × 10−1 2.89 1.33 × 102
B-DECIGO (BD) + ET
BD (2.51 × 102) 6.70 × 10−1 1.13 × 102 2.53 × 10−1 4.22 × 10−1 8.78 4.03 × 102
ET (4.53 × 102) 3.97 1.83 × 103 2.21 × 101 3.64 × 101 2.46 × 102 9.58 × 103
BD + ET 5.18 × 102 8.17 × 10−2 1.90 × 101 1.23 × 10−1 2.05 × 10−1 2.10 9.68 × 101
LISA + aLIGO
LISA (5.16) 1.19 × 103 2.23 × 104 5.64 9.39 1.00 × 103 4.63 × 104
a-LIGO (3.70 × 101) 2.86 × 101 2.18 × 104 1.85 × 102 2.96 × 102 3.40 × 103 1.35 × 105
LISA + aLIGO 3.74 × 101 1.22 × 10−1 3.03 × 101 1.52 × 10−1 2.54 × 10−1 3.98 1.81 × 102
Table 2 Normalized statistical parameter errors δθˆ with respect to the total multiband
SNR ρtot for System B (GW150914-like BBH). The notation is similar to that of Table 1,
and they are evaluated at the true values ν = 0.244898, χs = 0.8, and χa = 0.1.
Detector SNR δtˆc δΨˆc δmˆ/m δνˆ/ν δχˆs/χs δχˆa/χa
B-DECIGO (BD) + LISA
BD (3.78 × 102) 1.43 × 102 5.26 × 102 4.66 7.70 5.58× 101 5.77 × 102
LISA (3.80 × 101) 1.89 × 103 2.92 × 103 4.76 7.91 2.67× 102 2.84 × 103
BD + LISA 3.80 × 102 2.18 × 101 4.23 × 101 4.40× 10−1 7.31 × 10−1 4.54 4.75 × 101
Table 3 Normalized statistical parameter errors δθˆ with respect to the total multiband
SNR ρtot for System C (LISA’s “threshold” BBH). The notation is similar to that of Table 1.
and they are evaluated at the true values, ν = 0.138889, χs = 0.8, and χa = 0.1.
the total statistical errors σBBH of Eq. (22), mass and spin parameters will be deter-
mined within σlnm ∼ 1%, σν/ν ∼ 2%, and σχs/χs ∼ 15%, respectively, while the uncertainty
σχa/χa exceeds 100%. However, we also see that earlier LISA analysis will be able to (weakly)
determine ν and χs within ∼ 2% and ∼ 70%, respectively. This will break the degeneracy
between ν and χs,a that limits the precision of B-DECIGO measurement of χa. With a
joint LISA + B-DECIGO analysis, indeed, the cross correlation cνχa ∼ 94% in B-DECIGO
analysis is reduced to cνχa ∼ 70%, and we will be able to get better estimate of χa within
∼ 10%. Therefore, the joint LISA + B-DECIGO observation will be an unique smoking gun
to convincingly measure intermediate-mass BBHs with spins.
3.2. Systematic errors
Table 4 reports the mismatch (≡ 1−match) with Eq. (18) and the ratio of the estimate
of the systematic parameter errors ∆θ of Eq. (19) to the overall statistical errors σ of
Eq. (15), neglecting the 4PN test-mass term of Eq. (17) in the GW phase ΨBNS/BBS; recall
that mismatch and ∆θ are independent of SNR. For each of the three systems, we see that
the mismatch always exceeds the 3% mark in higher frequency bands, which means that our
sky-averaged PN waveform h˜(f) in Eq. (5) is not “faithful” in the parameter estimation in
those bands [116]. This is expected from the fact that the convergence of PN approximation
16/22
Detector mismatch (%) |∆tc/σtc | |∆Ψc/σΨc | |∆m/σm| |∆ν/σν | |∆χs/σχs | |∆χa/σχa |
System A: GW170817-like BNS
aLIGO 3.52 · · · · · · · · · · · · · · · · · ·
ET 2.94 · · · · · · · · · · · · · · · · · ·
B-DECIGO 4.96 × 10−3 4.80× 10−4 5.87 × 10−3 2.47× 10−6 5.84 × 10−8 2.86× 10−4 2.85 × 10−4
System B: GW150914-like BBH
aLIGO 5.14 · · · · · · · · · · · · · · · · · ·
ET 7.15 · · · · · · · · · · · · · · · · · ·
B-DECIGO 9.02 × 10−1 4.39 × 101 2.83× 101 1.30 × 101 1.30× 101 2.27 × 101 2.27× 101
LISA 1.16 × 10−4 4.28× 10−3 9.06 × 10−4 4.65× 10−4 4.65 × 10−4 7.39× 10−4 7.40 × 10−4
System C: LISA’s threshold BBH
B-DECIGO 21.7 · · · · · · · · · · · · · · · · · ·
LISA 3.54 × 10−1 1.75 1.40 6.68× 10−1 6.68 × 10−1 1.11 1.11
Table 4 aLIGO, ET, B-DECIGO, and LISA mismatch as well as the ratio of the sys-
tematic errors ∆θ to the overall statistical errors σ, when not including the 4PN test-mass
term of Eq. (17) in the GW phase. In each column, the blank cells indicate that system-
atic errors are too large (∆θ/θ > 100%) due to mismatch & 3%. For System A observed by
B-DECIGO, the ratios for the quadrupole and tidal parameters are |∆Q˜/σ
Q˜
| = 2.54 × 10−4
and |∆Λ˜/σΛ˜| = 9.91 × 10−4, respectively: nevertheless, we should recall that B-DECIGO
statistical errors are σ
Q˜
/Q˜ > 100% and σΛ˜/Λ˜ > 100%, respectively.
in the late inspiral is likely to be too slow [126–128], where we need, e.g., effective-one-
body formalism [129] or phenomenological models [130, 131] to combine the results from
numerical-relativity simulation. Our conclusion is also in general agreement with existing
inspiral-only studies (e.g., Refs. [72, 106] for BNSs). We shall no longer be concerned with
these low-match configurations.
Surprisingly, we also notice that ∆θ concerning the other high-match cases always dom-
inates σ unless the mismatch is extremely low (less than ∼ 10−3%) 21, which shows that
the measured BNS and BBH parameters resulting from h˜(f) are strongly biased by 4PN
test-mass phase terms. Essentially, BNS and BBH inspirals in lower frequency bands can be
high-SNR sources, greatly reducing σ.
We note that for all of Systems A, B, and C, the inclusion of NS or BH spin effects to
the GW phase is highly recommended although NS spins in waveform modeling are often
neglected as they are much smaller than BH spins. Making use of the formula in Eq. (18),
for example, the mismatch with and without the highest spinning point-particle terms at
the 3.5PN order (Eq. (6b) of Ref. [82]) are all above the 3% mark when the body’s spin is
χi & 0.2; this value of spin is essentially independent of the choice of detectors, and becomes
much smaller when not including the lower-order PN spin terms for the limit of 3% mismatch.
These results motivate the continued development of PN waveform modeling for accurate
parameter extraction from future B-DECIGO and LISA measurement.
21Note, however, that for each of the systems considered the assumption ∆θa∂aΨ(f) . 1 for the
formula in Eq. (19) is marginally violated as the GW frequency f approaches the cutoff frequencies
fin/end. Hence, it is quite likely that ∆θ is overestimated; a more sophisticated method will be
necessary to reliably compute the systematic mismodeling errors [77].
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4. Discussion
For each system considered in this work, we have shown that multiband measurement with
B-DECIGO will determine the binary parameters (masses, spins, NS quadrupole parameters
and Love numbers) with percent-level precision, if the systematic bias due to PN waveform
mismodeling is under control. Consequently, this exquisite precision will be able to enhance
the already (or expected) rich payouts gained from aLIGO and LISA observation. Below we
shall highlight two potential examples from cosmography and fundamental physics, focus-
ing on the joint B-DECIGO + aLIGO (ET) measurement of the GW170817-like BNS and
GW150914-like BBH, respectively.
The first example is the redshift measurement of GW170817-like BNS using only GW
observation, proposed by Messenger and Read [132] as well as Harry and Hinderer [75].
Assuming that the NS equation of state is well constrained from the BNS waveform of the
late inspiral and merger [76], the measurement of NS quadrupole parameters κi and tidal
deformabilities Λi (i = 1, 2) imprinted in the (early) inspiral waveform allows determination
of the source redshift z directly. Essentially, the point is that the parameters (κi, Λi) mani-
festly depend on the source-frame masses mSi scaling as κi ∼ (mSi )−3 ∼ (mOi )−3(1 + z)3 and
Λi ∼ (mSi )−5 ∼ (mOi )−5(1 + z)5, respectively, where mOi are the observer-frame NS masses.
Because (κi, Λi) are related with m
S
i through the NS equation of state, the measurement of
(κi, Λi) and m
O
i is then translated to m
S
i and m
O
i , from which we can determine the source
redshift z.
This approach to cosmography benefits from the joint B-DECIGO + ET measurement.
The Einstein Telescope will place strong constraints on the NS spins and tidal influence in
BNSs, while B-DECIGO can precisely measure the NS masses: recall Table 1. Following the
method of Ref. [132] to examine the uncertainties in our inspiral-only waveform parameters,
we estimate θBNS in Eq. (21) for System A relocated at ∼ 2.92Gpc (z = 0.50), leaving (Q˜, Λ˜)
out but with the addition of z, making use of Eqs. (15). The statistical errors for z then read
δz/z =
{
(1.17 × 10−1)ET, (6.93 × 10−2)ET+BD
}
, (23)
where the SNRs are ρETave = 6.62 and ρtot = 7.00. Notably, we see that the uncertainty
is ∼ 60% of what would be obtained with ET analysis alone. Joint B-DECIGO + ET
measurement of BNSs would thus be quite valuable for this cosmography.
The second example is constraining the mass and spin of the final remnant BH after
merger. For non-precessing BBHs, there are now numbers of numerical-relativity fitting
formulas that enables the mapping of the initial BH masses m1,2 and dimensionless spin
parameters χ1,2 to the final mass Mf =Mf (m, ν, χs, χa) and dimensionless spin parameter
χf ≡ |Sf |/M2f = χf (m, ν, χs, χa) of the remnant Kerr BH [133–136]. Because B-DECIGO
(and ET) will measure m1,2 and χ1,2 very precisely, it will set stringent constraints on Mf
and χf , making use of these fitting formulas.
We estimate the precision with which Mf and χf for System B can be determined from
the inspiral phase, adopting the fitting formulas (“UIB formulas”) [135] available in LALIn-
ference [137, 138]. Using the statistical errors δθˆBBH in Table 2 as input, the corresponding
statistical errors on Mf and χf are given by a standard variance propagation of non-linear
functions: see footnote 19. Here, we neglect the systematic bias in the fitting formulas (see
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Ref. [139] for details). After simple algebra, we obtain (Mf/m,χf ) = (0.891, 0.900) and
(δMf/Mf , δχf/χf ) =
{
(1.20 × 10−3, 3.86 × 10−3)BD, (7.47 × 10−4, 2.57 × 10−3)BD+aLIGO
}
.
(24)
The joint B-DECIGO + ET analysis will further reduce the uncertainties inMf and χf by up
to factor of four in B-DECIGO + aLIGO analysis. Given that aLIGO and ET independently
measureMf and χf from the merger-ringdown phase, this drastic improvement in estimation
from the inspiral phase will help to strengthen the inspiral-merger-ringdown consistency test
of general relativity [139–143]. Other extreme gravity tests that can be done with binary
inspirals, including direct and parameterized test of gravity theory [144–146] and the “no-
hair” test of BBH nature [90], might benefit from B-DECIGO and multiband measurement
as well.
In conclusion, we expect B-DECIGO measurement of BNSs and BBHs in the deci-Hz band
will complement, e.g., aLIGO, advanced Virgo, KAGRA, IndIGO, ET and LISA observation
in the hecto-Hz and milli-Hz bands, boosting our understanding of astrophysics, cosmol-
ogy, and gravity science. In the era of multiband GW astronomy, we shall decide and go,
DECIGO [22, 23].
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